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1.  Introduction 

In  many  applied  problems,  e.g.,  signal  estimation,  time  series  analysis, 
econometrics,  etc.,  a  wide  sense  stationary  (WSS)  assumption  is  unacceptable. 
Various  non-stat ionary  models  have  thus  been  studied  in  connection  with  non-sta- 
tionary  phenomena.  In  system  theory,  the  (finite  dimensional  linear)  state  space 
model  has  been  favored;  in  time  series  analysis  the  ARMA  model  is  preferred,  while 
periodically  correlated  processes  are  models  for  economical  data  which  exhibit 
some  periodicity.  Very  simple  transformations  of  WSS  processes  do  not  preserve 
the  stationary  structure,  for  example,  finite  or  infinite  sampling,  deterministic 
or  random  scaling,  linear  transformations,  etc.  To  study  the  effects  of  those 
transformations  on  stationary  pocesses,  as  well  as  to  encompass  the  various 
models  mentioned  above,  general  non-stat ionary  notions  have  to  be  studied  and 
characterized. 

The  main  successes  of  the  theory  of  WSS  processes  and  its  applications  rely  on 
harmonic  analysis  techniques  and  in  particular  on  two  Fourier  integral 
representations.  On  the  one  hand,  the  shift  invariant  covariance  kernel  is  the 
Fourier  transform  of  a  positive  measure.  On  the  other  hand,  the  process  itself  is 
the  Fourier  transform  of  an  orthogonally  scattered  stochastic  measure.  Hence,  lK. 
is  natural  in  extending  the  WSS  concept,  to  try  to  preserve  a  potential  use  of 
Fourier  analysis  techniques.  Various  generalizations  in  that  direction  have  been 
presented,  among  others,  the  classes  of  harmonizable  processes  introduced  by  Loeve 
[16]  and  Rozanov  [27],  as  well  as  Bochner's  [4]  V-bounded  class.  In  the  present 
work,  this  line  of  investigation  is  pursued,  and  some  new  classes  of  non-stationary 
processes  are  introduced  then  characterized. 

A  brief  synopsis  of  the  paper  is  as  follows:  Section  2  is  mainly  introductory, 
various  non-stationary  concepts  are  recalled  and  related  to  one  another.  Theorem 
2.4  characterizes  the  orthogonal  processes  which  are  harmonizable  in  the  sense  of 


v 


odas 

or 


□□ 
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Loeve  and  Proposition  2.5  clarifies  a  minor  point.  The  third  section  is  the  core  of 
the  paper.  A  new  notion,  (2,p)-boundedness,  is  introduced  and  the  stationary  processes 
which  are  (2,p)-bounded  characterized.  Ve  then  prove  a  special  form  of  Grothendieck 
inequality  (Theorem  3.6)  and  this  leads  to  various  characterizations  of 
(2,p)-boundedness  (Theorem  3.8).  Finally,  some  important  practical  examples  are 
shown  to  be  (2,2)-bounded . 


Notations  and  Conventions:  R  is  the  real  field,  C  the  complex  one,  1  the  integers, 
IN  ={1,2,3,...}.  L2(Q,B,P)  (L2(P)  for  short)  is  the  usual  Hilbert  space  of 

complex  valued  random  variables  with  finite  second  moments.  A  process  x  is  always 

2  2  — 
taken  to  be  of  discrete  time  and  L  -bounded,  i.e.,  x:  1  — ♦  L  (P),  with  Ex  x  = 

v  '  n  n 

2  2 

E I I  =  xll  0  <  K,  K  >  0,  n  e  Z  (E  denotes  expectation  and  overbars  complex 

n  n 

o 

conjugates) .  It  is  also  always  assumed  that  E|xn|  >0  for  at  least  one  n  e  Z.  The 

covariance  kernel  of  x  is  the  doubly  indexed  sequence  {R(n,m)}n  with  R(n,m)  = 

Ex„x.  n,m  e  Z. 
n  m’ 


The  usual  identification  is  made  between  2x-periodic  functions  on  R  and 

functions  on  II  =  R/^j  with  ]-tt,  Jr]  a  model  for  II.  For  1  <  p  <  +  ®,  LP(II) ,  LP(II2) , 

2 

denote  the  Lebesgue  spaces  on  II  and  II  =  II  *  II  associated  to  the  normalized 


Lebesgue  measure  AO,  dfld ip.  The  corresponding  norms  are  denoted  by 


Lp(n)’ 


Lp(n2) 


For  1  <  p  <  +  oo,  ^(Z)  denote  the  usual  discrete  spaces  with 


corresponding  norms  ||*||  .  A  (complex)  measure  will  always  be  a  complex  valued 

(regular)  Borel  measure  on  II.  When  added,  the  adjective  positive  will  refer  to 
non-negative  valued  measures.  A  stochastic  measure  is  a  a-additive  set  function 
J3(II)  — *  L  (P)  (.3(11)  is  the  Borel  a-algebra  of  II).  A  stochastic  measure  is 
said  to  be  orthogonally  scattered  whenever  E£(A)((B)  =  0,  A,  B  €  .3(11),  AnB  =  <f>.  The 
integration  of  scalar  functions  with  respect  to  stochastic  measures  is  taken  in 


> 
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the  sense  of  Bartle,  Dunford  and  Schwartz  [2] ,  the  reader  being  referred  to  Dunford 
and  Schwartz  [6, IV.  10]  for  further  details.  Finally,  K  denotes  a  generic  absolute 
constant  whose  value  might  change  from  one  expression  to  another. 

2.  Harmonizability  and  V-boundedness 

The  simplest  processes  admitting  a  "harmonic  decomposition"  are  the  wide  sense 
stationary  (WSS)  processes.  As  is  well-known,  their  covariance  kernel  R  has  a  Toeplitz 
structure.  Hence,  and  this  is  also  well  known,  a  process  x  is  WSS  if  and  only  if  there 
exists  a  (unique)  finite  positive  measure  n  on  II  such  that 

R(n,m)  =  /i(n-rn)  =  /  e^nHn^d/i(0) ,  n,meZ.  (1) 

-it 

Equivalently,  there  exists  a  (unique)  orthogonally  scattered  stochastic  measure  C 
such  that 

xn=C(n)=  7  ein<tdC{»),  neZ.  (2) 

— 7T 

On  the  model  of  (1) ,  Loeve  introduced,  as  follows,  a  first  generalization  of  the 
WSS  class. 

Definition  2.1.  A  process  x  is  L -harmonizable  if  there  exists  a  (unique)  complex 
o 

measure  p  on  II  such  that 

a  7T  7T  •  • 

R(n,m)  =  p(n,m)  =  /  /  ein^e-im^d/i(0, V>) ,  n,meZ.  (3) 

-it  -it 

In  Loeve' s  original  definition,  \i  is  given  via  a  distribution  function  and  is 
also  unnecessarily  assumed,  as  first  noticed  by  Hurd  [14],  to  be  positive 
definite.  The  positive  definiteness  of  n  and  R  are  equivalent,  in  fact,  even  in  a 
more  general  framework  (see  Proposition  2.5).  L-harmonizable  processes  are  also 
known  as  strongly  harmonizable,  Lo£ve  harmonizable  or  simply  harmonizable.  We 
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introduced  the  terminology  L-harmonizable  to  avoid  confusion  with  another  class  of 
harmonizable  processes  first  studied  by  Rozanov  and  which  are  also  known  as  Rozanov 
harmonizable,  weakly  harmonizable  or  simply,  harmonizable. 

Definition  2.2.  A  process  x  is  R-harmonizable  if  there  exists  a  (unique)  complex 
bimeasure  0  such  that 

R(n,m)  =  /?(n,m)  =  /  /  ein^e-im^d/?(0,^) ,  n,meZ.  (4) 

-t  -7T 

Remark  2.3.  The  basic  difference  between  (3)  and  (4)  lies  in  the  fact  that  0  is  a 

bimeasure,  i.e.,  /?( * , B)  and  /?(A ,  - )  are  complex  measures  for  all  A,B  e  .3(11).  In 

other  words  /?(•,■)  is  a  separately  <r-additive  function  on  i?(n)  x  .3(11)  which  does 

not  necessarily  extend  to  a  measure  on  .3(11)  ®  .3(11) .  Hence,  in  order  to  define  the 

integral  in  (4),  a  non-absolute  integration  technique  has  to  be  used.  This 

integral  has  to  be  understood  in  a  restricted  Morse-Transue  sense  as  defined  in 

Houdre  [11] .  The  exponentials  being  continuous,  the  Morse-Transue  integral  or  any 

of  its  restricted  versions  can  also  be  used  (see  [11]  and  the  references  cited 

there  for  more  details) .  When  0  is  of  bounded  variation,  it  uniquely  extends  to  a 
o 

measure  on  II  and  (4)  reduces  to  (3).  For  0  concentrated  on  the  diagonal  of 
.3(11)  x  .3(11) ,  i.e. ,  /?(A,B)  =  0  whenever  A  D  B  =  <p,  A,B  e  .3(11) ,  (4)  becomes  (1)  and 
the  WSS  case  is  recovered.  In  analogy  with  the  stationary  case,  0  is  called  the 
bispectrum  of  the  corresponding  R-harmonizable  process. 

The  distinction  between  L-harmonizable  and  R-harmonizable  processes  is  non 
vacuous  and  in  fact  quite  important.  To  be  of  interest,  the  harmonizable  classes 
have  to  include  the  simplest  cases  of  non-stat ionary  processes.  The  Loeve  class 
does  not  do  so. 

9 

Let  x  be  a  (non-stat ionary)  white  noise ,  i.e.,  R(n,m)  =  o  h  .  n,m  6  1,  with 

'  nn,m  ’ 
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a~  <  K,  n  €  I,  where  A  „  is  the  Kronecker  symbol.  Then  x  is  R-harmonizable  (see 
n  n,m  J  v 

Definition  2.6  and  Theorem  2.7)  but  not  necessarily  L-harmonizable.  White  noises 
which  are  in  Loeve's  class  can  be  characterized. 

Theorem  2.4.  A  white  noise  is  L-harmonizable  if  and  only  if  there  exists  a  complex 

2 

measure  v  on  II  such  that  <rn  =  i/(n),  for  all  n  6  1. 

Proof .  For  the  necessity,  it  is  enough  to  show  (see  Zygmund  [29, p. 314] )  that 


/  I  <7^  ein<t|dtf  <  K, 

— X  -N 


(K  independent  of  N) . 

2 

Since  <rn  =  /z(n,n)  and  by  Fubini's  theorem,  the  left  hand  side  of  (5)  is  majorized  by 
x  x  x  N  .  I  .  a  in0.  -inV»i 

1  J  /  |  Sll-^e-^e  Xe  ^dW^K^,^) 

-X  -7T  -X  -N 


o 

=  |/i|  (II  ),  since  the  above  integrand  is  non-negative. 


For  the  sufficiency,  it  is  enough  to  show  that  the  two  dimensional  version  of  (5) 
2 

holds  when  <rn  =  u( n) .  But, 

x  x  N  M  .i  .  i  -in#,  im rfr. 

I  l  I  S  E(l-j^)  (l-jgj-)R(n,«)e  le  Md^d^ 

—x  —x  — N  — M 


xx  x  N  i„i  o  a  -in0<  in^< 

=  /  /  I  /  S(l-,gj-)2einV^e  h  Md^d^ 


-x  -x  -x  -N 


<  MW 


by  the  same  arguments  as  above. 


This  elementary  proof  was  set  to  illustrate  a  use  of  one  of  the  various 
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criteria  for  a  sequence  to  be  a  Fourier-Stielt  jes  transform.  A  disintegration  of  n 
over  the  map  — *  0  +  ^trivially  gives  the  result. 

Using  Theorem  2.4,  R-harmonizable  processes  which  are  not  L-harmonizable  are 
now  easy  to  f  ind.  Let  x  be  a  white  noise  such  that  lim  <r2  =  a  and  lim  <r2  =  b  with  a  t 

n->+®  n*4  oo 

b,  then  x  is  not  L— harmonizable.  This  is  a  direct  consequence  of  Theorem  2.4  and  of  the 
following  classical  result:  let  /i  be  a  measure  on  n  such  that  ^(n)  has  a  limit  as  n  — *  +<», 
then  //(n)  has  the  same  limit  as  n  — >  -  oo.  In  particular,  let  x  be  a  unilateral  white 

noise ,  e.g.,  =  {g  otherwise’  ^en  x  *s  not  L-harmonizable.  We  thus  recover  a 

classical  counterexample  which  first  appeared  in  Helson  and  Lowdenslager  [9]  and 
was  subsequently  used  for  similar  purposes  by  various  authors. 


An  extra  assumption,  as  for  example  in  [25, p. 305] ,  is  sometimes  imposed  on  the 
bimeasure  0  in  (4) ,  namely,  0  is  assumed  to  be  positive  definite  (p.d.),  i.e. ,  E^ 
£j=1  z^(Ai,Aj)  z.  >  0,  for  all  NeN*  ,  zp  ...  zN  €  C,  Aj,  . . . ,  AN  6  MJl) .  This  is 
unnecessary;  the  positive  definiteness  of  the  bimeasure  0  and  of  the  sequence 
{R(n>®)}n  [n6j  are  equivalent. 

ET9PQ?ition  2.5.  Let  {afl  m}n  be  a  doubly  indexed  sequence  such  that  an  m  = 

/?(n,m)  for  some  bimeasure  0.  Then,  0  is  positive  definite  if  and  onlv  if  {?  1  is 

1  n,mJ 

positive  definite,  namely,  E?=1  z i  an  n  z .  >  0,  for  all  NeN*,  nr...,nNe 
1 ’  zr---,zNeC. 

Prqof .  Since  the  Borel  functions  are  the  pointwise  limits  of  continuous  functions 
and  by  the  dominated  convergence  theorem  for  vector  measures  ([6, p.328])  it  is 
equivalent  to  show  that 


N  N 
E  E 
i=l  j=l 


Z\K  „  z.  >  0  <=> 
1  ni’nj  J' 


/  /  fd/7T  >  0, 

n  n 


(6) 


for  any  f  continuous  on  II.  Let  the  left  hand  of  (6)  be  satisfied  and  let  a  = 
/?(n,m).  Then,  since  continuous  functions  are  uniform  limits  of  trigonometric 
polynomials,  another  application  of  the  dominated  convergence  theorem  for  vector 
measures  gives  the  direct  implication.  For  aQ  m  =  /?(n,m),  the  reversed 
implication  is  immediate.  _ 


L-  as  well  as  R-harmonizable  processes  are  modelled  after  (1).  Another  class  of 
non-stationary  processes  modelled  after  (2)  has  been  introduced  and  studied  by  Bochner 
[4].  It  is  as  follows: 


Definition  2.6.  A  process  x  is  V-bovnded  if  there  exists  a  constant  K  >  0  such  that 

N 

||  E  P.xn  |U  <  K||P||  (7) 

j«i  J  nj  V(P)  L*(n) 


-in  -9 


M  ~ ■ 111  •  (7 

for  all  trigonometric  polynomials  P  of  the  form  j  P -e  J  . 


As  already  noticed  by  Bochner,  it  immediately  follows  from  (3)  and  (7)  that 
L-harmonizable  processes  are  V-bounded.  However,  this  inclusion  is  strict  since 
for  a  white  noise,  (7)  is  always  satisfied.  The  condition  (7)  just  says  that  T:  P(-)  = 

Sj=1  Pje  j  — *  Ej=1  P(nj)xn  extends  to  a  bounded  linear  operator  from  C(IT)  to  L2(P). 

Hence,  as  in  the  scalar  case,  (see  Phillips  [22],  Bartle,  Dunford  and  Schwartz  [2,p.301],  or 
Kluvanek  [15]),  T  has  an  integral  representation,  and  (7)  characterizes  the  Fourier 
tranforms  of  stochastic  measures  on  II.  In  other  words,  the  V-bounded  processes  are 
exactly  the  Fourier  transforms  of  stochastic  measures. 

The  recent  studies  on  V-bounded  processes  have  been  initiated  by  Niemi;  in 
his  thesis  and  a  sequence  of  papers  [18-20] ,  he  essentially  obtained  the  equivalence 
of  the  conditions  (ii),  (iii)  and  (iv)  below. 


Theorem  2.1.  The  following  are  equivalent: 
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(i)  x  is  V-bounded, 

(ii)  x  is  the  Fourier  transform  of  a  stochastic  measure, 

(iii)  x  is  R-harmonizable, 

(iv)  there  exist  L  (P)  D  L  (P)  and  a  VSS  process  y  on  L  (P)  such  that  x  =  Qy,  i.e. , 

o  -  2 

xn  =  ^n’  n  e  where  Q  is  the  orthogonal  projection  from  L  (P)  onto  L  (P) . 


The  condition  (iv)  is  not  only  a  purely  theoretical  result  and  is  in  fact  of 

great  practical  importance.  It  allows,  by  just  interchanging  Q  and  lira,  V-bounded 

generalizations  of  the  asymptotic  mean  squared  results,  such  as  a  law  of  large 

numbers,  valid  for  VSS  processes.  In  particular,  the  bispectrum  can  be  recovered 

from  its  transform,  i.e.,  an  inversion  formula  holds.  Since  typical  examples  of 

projections  are  conditional  expectation  operators,  (iv)  also  identifies 

conditional  expectations  of  VSS  processes.  Combined  with  (7),  Theorem  2.7  also 

easily  shows  that  white  noises  are  R-harmonizable  with  bispectrum  given  by  /?(0,$) 

-E  ,<72e-in(^. 

neZ  n  e 

Results  on  bimeasures  usually  rely  on  Grothendieck  inequality  [7] ,  such  is  the 
theory  of  V-bounded  processes.  For  example,  the  proof  of  ( i i i )=> ( iv)  as  given  in 
Miamee  and  Salehi  [17]  relies  heavily  on  the  following  form  of  Grothendieck 
inequality:  Let  (  be  a  stochastic  measure,  then  there  exists  a  finite  positive 
measure  n  on  II  such  that 


11/  fdCII2,  <  /  U iV.  (8) 

n  lz(P)  n 

for  all  continuous  functions  f  on  II.  The  (non-unique)  n  in  (8)  is  usually  called  a 
Grothendieck  measure,  a  dominating  measure  or  a  2-majorant. 


3.  (2,p)-boundedness 

The  V-bounded  class  is  of  interest,  since  it  is  potentially  subject  to  harmonic  analysis 
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studies.  However,  it  also  has  the  disadvantage  of  being  too  broad  since  typically  one  is 
more  interested  in  some  specific  subclass  of  non-stationary  processes.  In  the  WSS  case,  for 
example,  the  processes  with  absolutely  continuous  or  discrete  spectrum  play  a  particular 
role,  while  the  ones  with  singular  continuous  spectrum  are  pathological.  To  initiate  such 
studies,  in  the  case  of  V-bounded  processes,  a  natural  step  is  to  replace  the  L00  norm  in  (7) 
by  a  smaller  one,  an  Lp  norm  for  example.  This  is  done  now. 


Definition  3.1.  A  process  x  is  ( 2, p) -bounded,  1  <  p  <  +oo  if  there  exists  a  constant 
K  >  0  such  that 


N 

II  2 
3=1 


P.xn  ||  0  <  K||P||  n 

J  nj  l2(p)  Lp(n) 


for  all  trigonometric  polynomials  P  of  the  form 


(9) 


Bochner  [3],  [4]  also  introduced  and  studied  a  (2,p)-boundedness  notion  for  stochastic 
measures.  With  the  help  of  Theorem  2.7,  it  is  immediate  to  verify  that  his  definition  of 
(2,p)-boundedness  and  the  one  above  are  dual  of  one  another,  i.e.,  a  process  is 
(2,p)-bounded  if  and  only  if  it  is  the  Fourier  transform  of  a  (2,p)-bounded  stochastic 
measure. 

Let  jP,  1<P  <  +oo  and  ^denote  respectively  the  classes  of  (2,p)-bounded  and 
of  V-bounded  processes.  Then  since  II  has  finite  Lebesgue  measure,  we  have  c  jfl 
C  r,  1  <  p  <  q  <  +00.  While  WSS  processes  are  always  V-bounded,  they  are  not 
necessarily  (2,p)-bounded .  It  is  readily  seen  that  for  1  <  p  <  2,  a  stationary  white 
noise  does  not  satisfy  the  condition  (9)  while  for  2  <  p  <  +oo  a  WSS  process  with 
discrete  spectrum  also  violates  (9) .  These  two  types  of  counterexamples  reflect  a 
more  general  situation.  We  say  that  a  WSS  process  has  L^-spectrum,  1  <  p  <  +oo  if  its 
spectral  measure  is  absolutely  continuous  with  Radon-Nikodym  derivative  in  LP(II) . 


Theorem  3.2.  A  WSS  process  is  (2,p)-bounded ,  2  <  p  <  +®  if  and  only  if  it  has 
lP/ (P~ 2)  Spectrum  (L°°-spectrum  when  p=2).  For  1  <  p  <  2,  the  only  (2,p)-bounded  WSS 
process  is  the  zero  process. 

Proof.  If  x  is  a  WSS  process  with  -spectrum,  (9)  follows  directly  from 

Holder's  inequality  and  x  is  (2,p)-bounded .  Let  x  be  a  WSS  process  of  type  (2,p),  and 
let  /x  be  its  spectral  measure.  Then, 

{  /  |P|2drt*<K{  /  (10) 

n  n 


for  all  trigonometric  polynomials  P.  By  the  density  of  the  trigonometric  poly¬ 
nomials,  (10)  can  be  extended  to  (TI)  and  becomes 

S  lgl2^<M  i  |glpi»}2/p,  geip(n).  (li) 

n  n 


In  particular,  let  g  =  with  |A|  =  0  (|A|  denotes  the  Lebesgue  measure  of  A);  then 
p(A)  =  0;  hence  dp  =  fd0,  f  >  0,  f  €  L1  (II) .  Now  let  2  <  p  <  +®,  and  let  g  =  f1/^2) , 
then  g  €  LP(II)  and  by  (11),  /jj  fP/(P“2)d0  <  K{  fP/^P  2^d0}2/P,  i.e., 
||f||  p/(p-2)  -  for  p  =  2,  let  g  =  Xg>  |E|  >0,  then  arguments  similar  to  the 


ones  above  give  ypy  /gfd0<  K,  i.e. ,  f  <  K  a.s.  (Leb.). 

Let  1  <  p  <  2  and  let  x  be  a  non  zero  (2,p)-bounded  WSS  process.  Then,  since  jP  c  Jp  the 
inequality  (11)  holds  with  dp  =  fd0,  f  >  0,  f  e  L°°(II) .  First,  if  f  is  bounded  below  the 
result  is  immediate.  If  f  is  not  bounded  below  but  is  continuous,  and  for  n  large  enough, 
|EJ  =  I  {  —  g-p/p  <  f  <  n2-p/p  H  >  °-  Hence»  using  (n)  with  g  =  Agn  gives  l/(n+l) 

<  K  |  En  [  and  summing  up  over  n  leads  to  a  contradiction.  To  finish  the  job,  just  notice  that 
for  f  in  L°°(II),  there  exists  a  sequence  {ffl}  of  continuous  functions  such  that  f  =  lim  fR  a.s. 
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The  connections  between  the  L-harmonizable  and  (2,p)-bounded  classes  are  less 
natural  and  no  inclusion  type  relation  has  been  obtained.  In  fact,  x  such  that 
R(n,m)  =  1,  n,  in  e  l  is  L-harmonizable  with  bispectrum  the  unit  mass  at  (0,0)  but 
not  (2,p)-bounded.  More  generally,  as  a  direct  consequence  of  (9),  if  a  process  is 
L-harmonizable  and  in  its  bispectrum  must  be  jump  free.  In  particular,  a 
L-harmonizable  process  with  spectral  measure  d =  f (9)I(rp)i9iip,  f  e 
Lp/(p-i)(n),  is  (2,p)-bounded .  The  above  examples  do  not  provide  necessary 
conditions  for  L-harmonizable  processes  to  be  in  jP .  Again,  the  white  noise 
processes  play  a  particular  role,  since  it  is  trivially  verified  that  for  p  >  2  they  are 
(2,p)-bounded.  Moreover,  for  1  <  p  <  2,  the  only  (2,p)-bounded  white  noise  is  the  zero 
process.  It  also  readily  follows  from  this,  that  any  bounded  sequence  {an)n6j  of 
non-negative  elements  is  the  Fourier  transform  of  a  (2,2)-bounded  p.d.  bimeasure. 
Furthermore,  in  contrast  to  Theorem  2.4,  the  diagonal  sequence  of  a  R-harmonizable 
covariance  is  not,  in  general,  a  one  dimensional  Fourier-Stieltjes  transform. 

Processes  in  the  boundary  class  £  possess  another  particular  covariance 

to*2 (I).  It 

is  well-known  that  the  continuity  of  the  inner  product  and  the  existence  of  the 
canonical  basis  on  P(l),  ensure  for  T  a  representation  as  a  (doubly)  infinite 
matrix  {Tn>B}n>Il€j.  Reciprocally,  any  infinite  matrix  {T  }  e|  such  that 

(12) 

represents  a  bounded  linear  operator  on  P(l).  In  our  framework,  this  simple  fact 
can  be  restated  as 

Proposition  3.3.  A  process  is  (2,2)-bounded  if  and  only  if  its  covariance  kernel, 
in  infinite  matrix  form,  is  a  (positive)  bounded  linear  operator  on  l?(l) . 


structure:  Let  T  be  a  bounded  linear  operator  on  *^(1),  i.e.,  from  ^(Z) 
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The  Hilbert  space  isometry  between  ft{l)  and  L^(II),  makes  the  analysis  of  the 

(2,2)-bounded  case  easy  to  handle.  For  p  f  2,  Proposition  3.3  admits  only  partial 

generalizations.  For  1  <  p  <  2,  since  |MI  <  II - 1|  0  =  |M|  0  c  |l •  II  „  , 

Lp(n)  "  L^(II)  t(l)  P(l) 

the  covariance  (in  infinite  matrix  form)  of  a  (2,p)-bounded  process  is  a  bounded 
linear  operator  from  ft(l)  to  In  general,  the  converse  does  not  hold:  a 

diagonal  matrix  {R(n,n)}n6j  with  0  <  R(n,n)  <  K,  n  e  I  maps  P(l)  to  f(l)  boundedly 
but  a  white  noise  is  not  (2,p)-bounded,  1  <  p  <  2.  The  case  p  >  2  is  also 
recalcitrant.  If  a  covariance  R  is  a  bounded  linear  operator  from  lP(l)  to  f(l) , 
then  again  since  LP(II)  c  (II)  and  f(l)  c  P(l),  R  is  the  covariance  of  a 


(2,p)-bounded  process.  Conversely,  a  white  noise  is  (2,p)-bounded.  However,  the 
associated  diagonal  matrix  {R(n,n)}  maps  P(l)  to  ^(Z)  boundedly  when  and  only 
when  {R(n,n)}ne,f  6  ^>/(P_^)(Z).  Finally,  similar  arguments  show  that  the 
covariance  of  processes  in  jP ,  1  <  p  <  2  are  bounded  linear  operators  from  P(I)  to 
/*(Z),  Q  =  p/p-1,  while  if  R  maps  t*(l)  to  P(I)  boundedly  then  the  associated 
process  is  in  jfl.  Again,  these  conditions  are  not  characterizations. 


The  main  objective  in  the  rest  of  this  section  is  to  give  a  few  character¬ 
izations  of  the  classes  JP .  These  results,  which  are  the  (2,p)-bounded  versions  of 
the  characterization  stated  in  Theorem  2.7  rely  on  a  specialization  of  (8) .  Our  goal  is  to 
obtain  (8)  with  special  types  of  dominating  measures.  To  do  so,  we  "generalize" 
(since  JP  =  ^and  since  the  elements  of  the  dual  of  C(II)  are  the  complex  measures) 
Pietsch's  [23]  proof  of  the  classical  inequality  (see  also  Miamee  and  Salehi  [17] 
and  Remark  3.7) .  Towards  this,  we  first  state  a  standard  result  obtained  by  Rogge  [26] 
in  the  real  case  and  generalized  to  the  complex  case  in  [17] . 

Lemma  3.4.  Let  Rn,  n  >  2  be  the  real  Euclidean  space  with  inner  product  <• ,  •>  and 
norm  ||*||  and  let  m  be  the  normalized  Haar  measure  on  the  unit  sphere  S  of  IRn.  Let 
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the  kernel  L(-,-)  be  defined  on  Rn  *  Rn  by  L(r,s)  =  / g  sign(r,t)sign(s,t)dm(t) . 
Then, 

N  N  ,  N  N 

£  £  <t-,t->  A-X-  <  tj  £  £  L(t- ,t  •)  ||t-||  ||t  •  |[  A -X  • ,  (13) 

i=l  j=l  1  J  1  J  z  i=l  j=l  1  J  1  J  1  J 

for  3,11  N  G  II  ,  tr...,tNeR  ,  A  j , . . . ,  Ajq  G  C . 

Before  presenting  our  version  of  Grothendieck  inequality,  another  preliminary  result  is 
needed.  With  the  uniform  norm  replacing  the  p/2  norm,  and  for  real  valued  fp  this 
result  is  also  due  to  Pietsch  [23].  The  extension  to  complex  valued  f^  as  given  in  [17] 
does  not  hold  (F  there  is  implicitly  assumed  to  be  real).  However,  our  arguments 
can  be  used  to  obtain  the  corresponding  version  for  complex  valued  f ^  and  V-bounded 
processes. 


Lemma  3.5.  Let  x  be  a  (2,p)-bounded  process,  p  >  2,  with  spectral  stochastic  measure 
(.  Then  there  exists  a  constant  K  >  0  such  that 


i=l  n  1  LZ(P)  i=l  1 


Lp/2(n) 


for  all  N  G  IN  , fp . . .  ,f^,  continuous  functions  on  II. 


Proof .  Since  continuous  functions  on  II  are  uniform  limits  of  simple  functions,  it 

is  enough  to  show  that  (14)  holds  for  simple  functions.  Let  f^  be  real  valued.  By 

M 

eventually  taking  common  partitions  of  II,  let  f  •  =  £  f :  (0k)Xa  >  then 

1  k=l  1  K  Ak 

Jl  "  L  fidCIIL2(P)  =  ji  J,  I,  fi(Vfi(  V  E«Ak)W 

=  j,  <V‘/>  E«Ak>  W 
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N  o 

where  t^  =  , • . •  6  R  •  Let  {ea}a  be  an  orthonormal  basis  of  L  (P), 

then  by  Parseval  identity  E^(A^)C(A^)  =  E  E(^(A^)e0  E£(Aj)ea,  hence  from  Lemma  3.4, 

we  get 


N  0  MM  - 

i*  "  £  f  id<ll^2(p)  ■  5  £  £  <  WE«AI k)5„  mKtrea 

sf  l  jj  |j  l(tk>t<)lltkll  |tj E<(Ak)iaE«A,)e, 

M  J|(  _ 

=  ;£  S  L(tk,t<)||tk||  l|t<||EC(AlK(A<) 

k~ 1  t”  1 

T  M  9 

=  J/II/  E  sign(tk,t)||tk||  *A  (#)dC(«)lr2  d»(t). 

S  TI  k=  1  k  L  (P) 


Now,  x  is  (2,p)-bounded  hence  by  applying  (9)  (extended  to  Borel  bounded  functions 
by  the  density  of  trigonometric  polynomials)  to  the  above  expression,  we  obtain 


'I  ^fid<"k2(p)  S  K2 1  /  I k|  sign(tk,t)||tk||  **k«-)|Pd«)2/Pdm(t) 


=  Kf  /{/  S  l|tk|lp  XA  (*)d*)2/pd«(t) 

s  n  k=l  k 

-«?{/(*  IM2*,  («))p/2d 9)Vv 
1  n  k=l  K  Ak 


M  N 

=  Kf  {  /  (  Z  £  (fi(V)2**  mvllWh 

L  n  k=l  i=l  1  K  Ak 

N 

=  K5  {  /  (  E  f?(0))p/2d0}2/p, 

z  n  i=i  1 


and  the  result  follows  for  any  set  {fp...,f^}  of  real  valued  continuous 
functions.  For  the  general  case,  decomposing  the  f^  's  as  well  as  C  in  real  and 
imaginary  parts,  f£,  f^,  <f,  we  get 
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o  <  II  /  f{d(||2,  =11  /  fjd(r||22  ♦  II  /  fJVll2,  , 

n  k  l2(P)  n  k  i/(P)  n  k  l2(P) 


and  similarity  for  the  's.  Bence, 


o<  s  ii  /fkdcir2/ 

k=l  n  k  LZ(P) 


=  E  (II  /  fjd?1  - !  fWl2,,  *  II  /  tfdf1  *  I  f‘d<r||2  ) 

k=i  n  k  n  k  l2(p)  n  k  n  k  l2(P) 

<  2  E  (||  /  fjjdrfj,  ♦  II  /  fkdC1!!^  *  II  I  fkd<ill22  *  II  I  fkd<r!l22  > 

k=i  n  K  i/(P)  n  “  i/(P)  n  *  l2(P)  n  11  l2(p) 


--2Z  (II  /  ffd<||2,  ♦  II  I  f  jddl2,  ) 

k=i  n  k  l2(p)  n  k  l2(P) 


Since  f£  and  are  real  valued,  the  previous  result  applies  and 

*  II  /  fkdC||2  <  M  ||  E  (f')2||  .  *  ||  E  (f  *)2||  .  ) 

k=i  n  K  i/(p)  k=i  “  Lp^(n)  k=i  “  LP'^fn) 

<2MI|  E  |fk|2|lD/2,  ), 

k=i  k  Lp/2(n) 

since  (f')2<  | fk | 2  and  (f ‘ )2  <  |fk|2.  , 

We  are  now  ready  to  prove  the  following  Grothendieck  type  inequality. 

Theorem  3.6.  Let  x  be  a  (2,p)-bounded  process,  p  >  2,  with  spectral  stochastic 
measure  (.  Then,  there  exits  a  non-negative  function  g  in  lP/(P~2)  (II)  such  that 

n  mil2,  </ifi2sdd,  (is) 

n  L2(n)  n 


for  all  continuous  functions  f  on  II. 

Proof.  For  f  continuous  real  valued  on  II  and  for  K  any  constant  in  (14)  let 
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Q(f)  =  Inf {(  /  |f+K  S  |f.|2|P/2dtf)2/P- L  |l  /  fjd<||2} 

n  i=i  1  i-  n  1 


where  the  infimum  is  taken  over  all  finite  sets  {fj,...,f^}  of  complex  valued 
continuous  functions  on  II.  Then  Q  is  an  homogeneous  subadditive  functional  on 
(J*(II)  (the  space  of  real  valued  continuous  functions  on  II)  such  that  -  ||f||  l0 


<  Q(f)  <  llfll  d/2  • 

Lp/i(n) 


wuiauuuuo  x  uxiv^  u  ivuo  vu  xi  j  outu  mat  —  mj.ii 

Lp/2(n) 

To  prove  these  assertions,  let  us  define 


S(f,f  fN)  =  (/|ME  |f  |2|P/2)2/p.  J  [|  /  f  dCII2. 

1  "  n  i=i  1  i=i  n  1 

Then  for  a  =  0,  S(af  ,f. , . . .  ,fN)  ■!(/(£  |f  |2)P/2)2/p  -  £  ||  /  f  .d(||2)  >  0, 

1  w  n  i=i  1  i=i  n  1 

where  we  also  used  (14).  Now  fj  =  f  2  =...=  f^  =  0,  gives  the  infimum  hence  Q(0)  =  0. 

Let  a  >  0,  then  S(of  ,f . . .  ,f^)  =  aS(f  ,oT^f1, . . .  ,a"^f^)  >  »Q(f),  hence  Q(af)  > 
oQ(f).  On  the  other  hand,  aS(f  ,fj, . . .  ,fN)  =  S(af ,  a*f  j , . . . ,«%)  >  Q(af),  hence 
aQ(f)  >  Q(af)  and  Q  is  homogeneous.  For  the  sublinearity,  let  {fj,...,f^}  and 
{g1,...,gHj)  be  two  arbitary  sets  of  continuous  functions.  It  follows  from 
Minkowski's  inequality  that  Q(f+g)  <  S(f+g,f  j, . . .  ,f N,gj , . . .  ,gM)  <S(f,fj,...,fN)  + 
S(g,gp  •  •  •  >gjj),  Q(f+g)  <  Q(f)  +  Q(g).  For  the  last  assertion,  again  by 
Minkowski  inequality,  S(f,f1 ,...  ,fN)  <  llf  H^p/2  S(°’f  1  ’  *  *  •  *  Hence’  Q(f)  ^ 

“VW  ,<0)  ’  l|f|lLP/2(n)-  Si"ilarly-  S(f'fl . fN>  *  -“f“t.p/2(m+ 


S(0,f f»»),  hence  Q(f)  >  -j|f|j  /2  +  Q(0)  =  -||f||  /2  and  the  three 

Lp/^(n)  Lp/2(n) 

assertions  are  proved.  Since  Q  is  real  homogeneous  and  subadditive,  by  the  Hahn— 

Banach  theorem,  there  exists  a  real  linear  functional  L  on  d^n)  such  that  -Q(-f )  < 

L(f)  <  Q(f),  hence  such  that  -|)f||  /2  <  -Q(-f)  <  L(f)  <  Q(f)  <  ||f||  /9  .  Now, 

Lp//(n)  Lp/^(n) 

L  can  be  extended  to  C(II)  via  L(f  1+jf2) f  =  L(fj)  +  jL(f 2)  (Hahn-Banach  again). 


fMathematicians  beware:  j  is  not  the  intensity  of  an  electrical  current. 


Furthemore,  |L(f1+jfj)|  =  ( I  L(f ^  1 2+ 1  L(f2) f2)1/2  <  (llf ! llLp/2 ( n) + » f 2>l Lp/2 ( n) > ‘ /2 

<  V2  j|f  jf 2II  p^2  hence,  L  can  also  be  extended  to  Lp/2(II).  Now,  by  the  Riesz 

representation  theorem  there  exists  6  iP/(P“2)(n)  such  that  Lf  =  /  fggd0,  for  all 

f  G  Lp/2(II) .  For  f  continuous  >  0,  S(f)  >  S(0)  hence  Q(f)  >  Q(0)  =  0,  while  for  f  <0, 
i.e,  f  =  -h,  h  >  0,  we  have  Q (f )  <  S(f  ,K~^h^,0, . .  .,0)  =  -||  /  K~" ^dC||2  <  0.  Hence,  L 

n 

is  a  positive  linear  functional  and  g^  >  0.  To  finish  the  proof,  let  f  G  C(II),  then 
Q(-K|f|2)  <  S(-K|f |2,f,0,-..,0)  =-||  /  fddl*2  .  Finally,  — KL( | f | )2  =  L(-K|f|2)  < 

(J(-K|f  |2)  <  -||  /  fdCI|2o  >  i.e.,  ||  /  fddPo  <  K  /  | f 1 2gnd and  the  result  follows 

n  i/(P)  n  lz(P)  n  ^ 

by  taking  g  =  Kg0.  B 


Remark  3.7.  A  few  comments  on  the  above  results  are  in  order.  The  version  of 
Theorem  3.6  where  C(II)  replaces  Lp/2(II)  is  due  to  Pietsch,  who  also  introduced  a 
"scanning"  sublinear  functional  as  above.  The  function  g  is  trivially  non  unique  but, 
by  simple  modifications  of  the  arguments  of  [23] ,  it  can  easily  be  seen  that  there 
exists  a  unique  g  such  that  ||g||  p/(p_2)  =  K  appearing  in  (14) .  Construction 

of  such  a  minimal  g  can  also  be  obtained  by  adaptation  of  the  techniques  and  results  of 
Niemi  [21].  If  x  is  L-harmonizable  with  spectral  measure  u,  Abreu  [1]  showed  that 
/i(A)  =  ^(|i/|(AxIl)  +  |i/|(n*A)),  A  G  J0(I1),  |i/|  the  total  variation  of  v,  defines  a 
Grothendieck  measure.  For  (  of  bounded  variation,  then  n(-)  =  | Cl (') [I Cl (n) ] — 1 
also  defines  a  dominating  measure  (Chatterji  [5]).  Both  these  results  hold  in 
special  form  in  the  (2,p)-bounded  case.  For  (2,2)-bounded  processes,  Lemma  3.5  and 
Theorem  3.6  are  immediate  since  in  this  case  the  right  hand  side  of  (9)  is  just 

(  /|P(0) ^dtf)1/2.  Hence,  the  Lebesgue  measure  is  always  a  dominating  measure  for 

processes  in  and  Theorem  3.6  can  be  viewed  as  an  interpolation  result. 
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We  now  present  a  few  characterizations  of  (2,p)-boundedness  which  are  essentially 
based  on  the  previous  result. 

o 

Theorem  3.8.  Let  x  be  a  L  (P)-valued  process  and  let  2<p<  +oo.  Then,  the 
following  are  equivalent. 

(i)  x  is  (2,p)-bounded, 

(ii)  x  is  V-bounded  with  a  Grothendieck  measure  in  (n), 

(iii)  there  exists  L  (P)  D  L  (P)  and  a  (2,p)-bounded  VSS  process  y  on  L  (P)  such 

2  ~  2 

that  x  =  Qy,  where  Q  is  the  orthogonal  projection  from  L  (P)  onto  L  (P) . 

Proof.  Our  proof  is  cyclical. 

(i)  =>  (ii)  (7) ,  (9)  and  Theorem  3.6. 

.(ii)  =>  (iii)  We  exhibit  the  projection  by  a  method  due  to  Abreu  in  the 

L-harmonizable  case  and  which  has  been  subsequently  used  by  various  authors  in  the 

R-harmonizable  one.  Let  g  be  as  in  Theorem  3.6,  then  there  exists  a  measure  v  on 
2  2 

.2(11  )  (the  Borel  a-algebra  of  II  )  which  is  concentrated  on  its  diagonal  and  such 

7T  7T  7T  « 

that  /  /  f(0,V>)d v(0,ip)  =  /  f  (0,0)g(0)d0,  for  any  f  continuous  on  II  .  Let 

-t  -JT  -7T 

/?(•,■)  =  EC(-)?TT,  then  (see  t11!)’  E(/  MO  (/  MO  =  /  /  h.d/ftu,  hp  h2  € 

n  1  n  L  n  n  1  i  1  1 

C(II).  Hence  from  (15),  <h, ,h0>  =  /  /  h1Y«di' -  /  /  h.Y^d/d  defines  a  semi-inner 

i  z  nn  1  1  nn  1  ^ 

product  on  C(II) .  After  having  identified  the  functions  h  such  that  <h,h>  =  0  (i.e. , 
taking  the  quotient)  and  after  completion  under  <•,•>,  the  resulting  space  is  a 
separable  Hilbert  space  H.  Hence  there  exists  a  probability  triple  (fij,J?j,Pj) 
such  that  H  =  L (ftp  JpPj).  Now,  let  I  be  the  canonical  projection  C(II)  — * 
L2(01,^1,P1),  let  wR  =  I(ein’),  n  €  I,  and  let  (ft,.2,P)  =  (ft, j?,P)  ®  (ftpJSpPj). 
Then,  L  (ft,J?,P)  ©  L  (ftj,J?j,Pj)  can  be  naturally  identified  with  a  subspace  of 
L2(ft,  J?,P),  and  so  is  L2(P)  =  L2(P)  ©  {0}.  Finally,  let  yR  =  xQ  +  wR.  Since  x  and  w  are 
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mutually  orthogonal,  we  have  x  =  Qy,  where  Q  is  the  orthogonal  projection  from 

9  -  9 

L  (P)  onto  L  (P).  So  it  just  remains  to  show  that  y  is  a  VSS  process  with 
lP/(p~^) -spectrum.  But, 

eV.=6iiiV!wi'V 

-  x  -x  -x  -x  -X  -X 

-x  -x 

=  /  ei(a-m^g(6l)d^ 

-x 

which  proves  the  result.  We  note  too,  that  in  the  extreme  situation  where  <wn»wm>  =  0, 
we  have 


/  /einVim%(M)  =  /  /  einffe~iai^du(0,r/;)  =  /  ei(n_!n^g(<?)d^ 


-x  -x 


-X  -X 


-X 


(iii)  =>  (i) 
N 


usPAjr  =  ii o(  s  v„.)ii% 

j=l  J  j  l2(p)  j=l  J  j  L  (f) 


<  II  Q  ll2ll  E  P.y.  Il22 - 

j=i  1  “j  l2(P) 

x  N  in.0  0 
=  /  |  E  P.e  J  |2g(0)dtf 
-»  j=l  J 

<  (  /  |  E  P.einj Vd^)2/P  (  /g(<?)p/(p_2)d 0)(P~2)/P, 
-*  j=l  J 


-x 


Remark  3.9.  For  1  <  p  <  2,  we  do  not  know  if  a  result  similar  to  Theorem  3.8  holds. 
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Since  (2,p)-bounded  processes  (1  <  p  <  2)  axe  (2,2)-bounded ,  they  also  are 
projections  of  VSS  processes  with  L°°-spectrum  but,  taking  g  =  1  above  shows  that  the 
inclusion  is  proper.  However,  we  do  not  know  which  additional  condition  their  spectra 
has  to  satisfy  in  order  to  obtain  a  characterization.  In  view  of  Theorem  3.2,  such  a 
characterization  seems  to  be  very  unlikely  since  the  spectral  stochastic  measure  of  a 
(2,p)-bounded  process  always  has  dependent  increments.  Furthermore,  as  indicated  by 
white  noise  processes,  this  dependency  has  to  be  quite  strong.  Finally,  we  note  that  altough 
we  do  not  recover  L  -spectrum  (this  is  classical:  L  (II)  t  L  (II)),  the  bimeasures 
associated  to  (2,p)-bounded  processes  play  a  role  similar  to  the  absolutely  continuous 
measures  for  WSS  processes. 


To  finish  this  section,  we  apply  some  of  the  methods  developed  to  this  point  to 
show  that  certain  classes  of  processes  are  (2,p)-bounded. 

A  non-stat ionary  model  of  great  practical  importance  is  the  ARMA  model,  e.g. , 


x^+1  =  ox^  +  v^,  k  e  Z,  a  6  C,  jo|  <  1,  where  say  {vjJkgj  is  a  white  noise.  When  the 
recursion  is  on  1,  the  analysis  of  such  models  is  not  difficult:  since  is  a 

7T  luff 

white  noise,  it  is  (2,2)-bounded  and  v,  =  /  e  d£  (0),  with  3  dominated  by  the 

K  -x  v  v 

t  ik0 

Lebesgue  measure.  It  is  then  straightforward  to  verify  that  J  ^7} —  (0) 

-t  e  -a  v 

satisfies  the  recursion  and  is  in  fact  the  unique  V~bounded  solution  to  this 
recursion.  Furthermore,  —  /  is  dominated  by  — — — *  and  x  is  not  only 

-lS  -  (i-M? 


e  -a 


V-bounded  but  also  (2,2)-bounded.  Its  bispectrum  is  given  by  d/?x(0,^)  = 
/„i0  1 A  n  to  /~i$  IT- 1  t_ _ ^  l ..  i  -  ucc  _ .l.  _i _ 


(e1  -a)  d3y(0,ip)  (e^-a)  .  In  particular,  if  v  is  WSS,  we  recover  the  classical 

i  a  _o 

formula,  d/?x(0)  =  |e  -a|  dd.  When  the  recursion  is  not  given  on  1  but  say  for  k  > 

2 

0,  an  initial  condition  Xq  is  given  with  E|xq|  =  1.  For  definiteness,  we  also 
assume  that  x^  =  0,  k  <  0  and  to  facilitate  the  computation  that  Ex^Vj  =  0,  j  >  k  and 
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Evkvj  =  ^  j.  Then,  a  simple  computation  shows  that 


Exkxj=  |a|  -1 


otherwise 


where  kAj  =  min(k,  j) . 


2  1  ♦  2 

Since  lim  E|x,|  = - *  t  lim  E|x,|  =  0,  the  process  x  is  not  L-harmonizable. 

k-*+oo  1—  |  a  |  k-* — cd 

Nevertheless,  it  is  (2,2)-bounded .  Stated  differently,  the  covariance  of  x  is  a  bounded 
linear  operator  on  ft(l) .  Directly  verifying  that  (12)  is  satisfied  is  quite  impractical 
and  we  will  not  do  so.  However,  a  nice  sufficent  condition  for  (12)  to  hold  is  that 
SkeZ|ExkXj|  <  K,  j  el  (this  follows  from  the  Cauchy-Schwarz  inequality).  In  the 
above  time  invariant  ARMA  example  ,  we  get  the  following  inequalities ,  j  I  Ex^Xj  |  < 

^  (toi  +  is.j+1 1  I )  (pfor  *  4fr)  • 

Hence  x  is  (2,2)-bounded.  Its  spectral  bimeasure  which  cannot  determine  a  measure 


is  given  by  0(9, ip) - ?  n  -..r. - - - 1-71 - r -r~.  These  examples  are  just  samples 

(l-e-1^1^)  (l-oe'1^)  (1-ae1^) 

of  large  classes  of  non-stat ionary  processes,  including  the  time  varying  ARMA 
models,  which  are  (2,2)-bounded.  The  reader  is  referred  to  Houdre  [10]  for  a  more 
detailled  analysis  of  the  (2,2)-bounded  case. 


This  work  represents  an  attempt  at  presenting  a  unified  theory  for  some  classes 
of  (discrete  time)  non-stat  ionary  processes  subject  to  harmonic  analysis  studies. 
Very  often,  one  is  not  interested  in  the  full  generality  of  the  V-bounded  class  but 
more  likely  in  some  special  classes.  This  is  particularly  true  in  applications  in 
which  case  the  class  seems  to  be  the  most  promising  for  further  studies.  In 
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fact,  the  linear  least  squares  prediction  problem  for  V-bounded  processes  has  a 
particularly  nice  solution  in  the  (2,2)-bounded  case  (see  Houdre  [10],  [12]).  The 
results  presented  here  can  also  be  rephrased  or  extended  in  various  ways.  Theorem 
3.6  and  3.8  can  be  translated  in  equivalent  statements  in  terms  of  dominating 
Toeplitz  kernels,  projection  of  orthogonally  scattered  stochastic  measures  or 
p-summing  operators.  A  first  type  of  extension  is  the  multidimensional  case,  and  this 
is  presented  in  [12].  The  order  structure  of  2  has  not  been  used  in  our  main  results, 
only  the  compactness  of  n  and  commutativity  have  some  importance.  Hence, 
comparable  techniques  will  give  similar  results  for  processes  x:  W  — *  L  (P)  where  W 
is  a  compact  abelian  Hausdorff  space  and,  in  particular,  for  discrete  random  fields. 
Non-commutative  analogs  of  our  results  can  also  be  obtained  following  the  works  of  Pisier 
[24],  Haagerup  [8]  and  Ylinen  [28];  while  the  approach  developed  by  Chatterji  [5]  will  give 
finitely  additive  versions.  We  mention  finally  that,  for  continuous  time  processes,  new 
difficulties  arise  due  to  the  non-inclusion  of  the  various  spaces  LP(IR),  i.e.,  a 
(2,p)-bounded  process  is  no  longer  automatically  V-bounded.  Different  techniques  to 
obtain  Fourier  integral  representations  have  to  be  develoDed.  This  is  presented  in  Houdre 
[13]  where  processes  of  order  1  <  a  <  2  are  also  studied. 
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